We calculate the Heisenberg exchange J in the quasi-2D antiferromagnetic cuprates and O 2-. The antiferromagnetic exchange is strongly enhanced by admixing relaxed (MC)SCF triplet and singlet excited states, in which a single electron is transferred from the central O ion to Cu. We ascribe this effect to orbital relaxation in the charge transfer component of the wave function. Close agreement with experiment is obtained.
Cuprate compounds have been the subject of a massive research effort since the discovery of high Tc superconductivity [1] [2] [3] . Nevertheless we are still far from a complete understanding of their fascinating properties. The cuprates consist of [CuO 2 ] 2-planar structural units, which are separated and, to a good approximation, electronically and magnetically insulated from each other by layers of counter-ions. Each Cu site has one unpaired electron with nearly pure Cu-d character [4] , which is localised because of Mott-Hubbard correlation. A further complication is that the band gaps, which are typically 1.5 to 2 eV wide, are of the charge transfer type in stead of the Mott-Hubbard type. The magnetic behaviour can be described with a Heisenberg hamiltonian
where the summation runs over nearest neighbour pairs. Cuprates have negative J values and display long range two-dimensional antiferromagnetic order [5] in the absence of doping or excitation. The antiferromagnetism is qualitatively explained by the superexchange mechanism [6] [7] [8] , which in the present case involves electron transfer between Cu via one bridging O.
Conventional LDA based band structure approaches fail to account for the strong correlation between the Cu holes and predict a half-filled Cu-O hybridised band [9] , whereas one expects a filled lower and an empty upper Hubbard band, separated by approximately U d , and a filled oxygen band situated above the former.
The electronic structure of cuprates is even more complicated when additional holes are present. Such holes reside preferably on in-plane O sites [10] and display strong local relaxation effects [11] [12] [13] [14] . Also in O 2p to Cu 3d charge transfer excited states relaxation effects have been shown to be very important [16] . Because the superexchange mechanism involves charge transfer excitations, such effects have to be taken into account in the calculation of J. Correlation and local relaxation can be described with ab initio quantum chemical cluster figure 1 . Structural data were taken from references [25] [26] [27] [28] , respectively. The clusters are embedded in a point charge environment that accurately represents the Coulomb potential inside the cluster region of a surrounding infinite lattice of formal ionic charges. The use of the simple point charges at nearest neigbour positions may lead to spurious occupation of diffuse orbitals, because these orbitals feel the strong attractive potential of the Cu 2+ and La 3+ point charges, without being repelled by the ion core [13, 16] . Therefore in the present study the potential due to the ions at the nearest neighbour positions to the cluster, is modified to be flat inside a small sphere with an ionic radius around these point charges. These modified potentials improve the stability against variation of the most diffuse components of the basisset, whereas in the cluster region the potential due to the modified charges is identical to that of the bare point charges. The complete specification of the background potential is available from the authors on request.
As a first step we perform all-electron (MC)SCF calculations of the lowest singlet and triplet states. We introduce local exchange and correlation effects on the bridging oxygen atom through admixture of excited (MC)SCF states, that differ from the MCSCF ground states by an O -> Cu electron excitation. This is an example of non-orthogonal CI (NOCI) [29] . NOCI involves the computation of Hamilton and overlap matrix elements between determinants constructed from non-orthogonal orbital sets [30] . It has the advantage over conventional CI methods that it leads to a short, physically transparent wave function and that it is free of size consistency errors. We use contracted Gaussian basis sets: for Cu we adopt the Wachters (14s,9p,5d) basis set optimised for the 2 D state [31] , augmented with the Hay diffuse dfunction [32] and two diffuse p-functions (exponents 0.31 and 0.12). The final (14s,11p,6d) basis set is contracted to (8s,6p,3d). For O a (9s,5p) Huzinaga basis set, contracted to (3s,2p) [33] , was extended with a diffuse p-function (exponent 0.11), giving a final (3s,3p) contracted oxygen basis. For Cl we use the (12s,8p) Huzinaga basis set contracted to (6s,4p) [33] .
In an SCF wavefunction for the lowest triplet state of the undoped model clusters two open shell orbitals occur, denoted by d g and d u , respectively. This wavefunction can be written as
The subscripts g and u denote even and odd symmetry under inversion. 
in which d 1 and d 2 are defined by
The singlet corresponding to the triplet (2) is
Within this description we obtain the direct exchange contribution. As shown in table 1, the direct exchange ranges between J=+13 meV and J=+15 meV, if the triplet orbitals are used to describe the singlets. If the orbitals are separately optimised for Ψ s and Ψ t , we obtain J≈+6 meV for all four compounds.
Let us now, in (2b) and (4), replace the open shell orbitals d 1 and d 2 by normalised, mutually nonorthogonal orbitals
. The singlet wave function can then be written as
For the singlet wave function the substitution (5) introduces an additional variational parameter λ or, equivalently, S. Contrarily, for the triplet (2) the substitution (5) has no effect and S can be set to zero without loss of variational freedom. Note also that the wave function (6) (2) and (6) form an appropriate starting point of a balanced calculation of the singlet-triplet splitting [34] . The splittings correspond to the Anderson superexchange [7] . The singlet states (6) 
This was rewritten as a linear combination of closed shell determinants and treated in the Hartree-Fock-Roothaan scheme. We find that the additional degree of freedom does not lower the energy of the singlet state.
As a next step we admix to Ψ t and Ψ s relaxed charge transfer excitations of the form
Admixture of unrelaxed excitations of this type has no effect [35] , but we find that this is quite different for the relaxed charge transfer excitations.
The excited states of 3 B 3u ( 3 B 1 ) and 1 A g ( 1 A 1 ) symmetry are
The orbitals of the triplet state Ψ t * could not be optimised, because the SCF process converged to the triplet ground state, Ψ t . We therefore use the orbitals of the corresponding singlet wave
, which has 1 B 3u ( 1 B 1 ) symmetry. This is a reasonable approximation, because the exchange integral between the a g and the b 3u orbital for this wave function is only 0.20 eV, to be compared to the energy separation of about 10 eV between Ψ t and Ψ t *.
In the excited singlet state Ψ s * (10) 
Their overlap is
This transformation does not alter Ψ t *, while Ψ s * acquires extra variational freedom.
Ψ s * may then be written in the form
Equivalently, Ψ s * can be written in terms of mutually orthogonal open shell orbitals, d u and σ, as a CASSCF wave function with d u and σ in the active space
A third equivalent form, which was actually employed in the calculations, is a linear combination of two closed shell configurations
Here new orbitals u 1 and u 2 are introduced that are related to d u and σ by an orthogonal transformation σ = cos α u 1 + sin α u 2 ,
A Mulliken population analysis of the optimized u 1 and u 2 orbitals of equation (12c) A NOCI between the wave functions (2) and (8) lowers the energy of the triplet state by an energy varying from 15-35 meV for the four cuprate compounds. The singlet NOCI is performed in three steps using progressively more accurate wave functions for Ψ s *. First we mix (6) with (9), which has orthogonal orbitals. We find that the singlet energy is lowered by the same amount as the triplet, so that J is unaltered. A slightly larger energy lowering of singlet, leading to a slightly larger singlet-triplet splitting, occurs if we admix (12) to (6) . In the final NOCI calculation, we allow S in (6) and the expansion coefficients in (12b) to be reoptimised. This amounts to reoptimising λ in (5), as well as λ 1 and λ 2 in (11). Since the triplet wave function is invariant under changes in λ, λ 1 and λ 2 , this procedure achieves the correct variational balance. In this final calculation a substantial differential effect is found, which accounts for more than half of the calculated exchange splitting. data with the approach of reference [18] should improve the agreement with our calculated result.
From our results we conclude that the Heisenberg exchange in cuprate compounds is strongly enhanced by orbital relaxation. This follows also from the fact that a CASSCF with d u , d g and σ in the active space, as in (7), is insufficient, while admixture of a relaxed charge transfer excitation has a large effect.
We find that Ψ s * as given by (12) 
